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It is possible to integrate a differential equation of higher-order of the form
v = f(z,y,9,y", ...,y Y) by reducing it to the system y' = y1, ¥} = y2, oy Yoo = Yn_1,
v = f(z,y,y1,Y2, s Yn—1), and applying one consistent and stable method for systems of equa-
tions of the first order. This procedure is a perfectly legitimate one. No accuracy is lost, nor is there
any unnecessary outlay of computional effort.

The situation is slightly different if the equation to be integrated is of the form 3™ = f(a,y),
n > 2, where no derivates appear in the right-hand side member of the differential equation. Equations
of this type are called special differential equations. If one is not particularly interested in the values
of the intermediate derivates, it seems unnatural to introduce them artificially in order to produce
systems of first order equations.

Therefore, it is interesting to have consistent and stable methods to solve directly these equations.
In this paper, it is proposed a general framework for linear multistep methods for special ordinary
differential equations of higher-order of the form Zf:o 0iYpti = h"” Zf:o Bifpti- In this method frame-
work, yp, ..., Ypr are the last approximations of the solutions of the differential equation; f,, ..., fp1&
are the last n-derivates of the differential equation, and A is the step used.

This framework is such that a method for an equation of order n has as its « coeflicients the
coefficients of the (1 — )™ Newton’s Binomial: a; = (—1)""*C,,;, and Zf:o Bi = 1, where (), ; is the
combination of n taken @ [6].

It is obvious that n — k for this framework. This family of methods can be proved consistent and
stable, and, hence, convergent. This is done using a generalized definition of stability and convergence
for a multistep method for special ordinary differential equations of higher-order, which are similar
to the definition of stability for a multistep method for special ordinary differential equations of the
first-order and of the second-order.

The definition of consistence for a multistep method for special ordinary differential equations of
higher-order is similar to the definition of consistence for a multistep method for special ordinary
differential equations of the first-order and of the second-order [2, 4, 5]. To define the consistence of
this kind of methods, the definition of the difference operator presented in |2, 4, 5] is extended for

special ordinary differential equations of higher-order: Lly(z);h] = >°72, thqy(q) (z), where
Cq = i Z%O ay, i qg<n or
Co = g it — oy Lio 47" By q>n

where h is the step of the method and n is the order of the special ordinary differential equation.

The consistence is defined by the following definition: a multistep method for special ordinary
differential equations of order n is consistent if and only if Vi(i < n — C; = 0).

Finally, the order of consistence of a multistep method for special ordinary differential equations
of order n is p where Vi(i < p +n — C; = 0) ACpyy, # 0. That is, the minimum order of consistence
of a consistent multistep method for special ordinary differential equations is 1.

To prove the consistence of the family of methods presented in this text, one can use induction on
n and the fact that C,,; = Cp—1; + Cr—1,-1, and the technics shown in [6]. This proves that

Vg<n—=0C; = % S i (=1 =0

Cn = % St (—1)" " Cryi — ﬁ Diot"T"B; =0



Therefore, since Cy = Cy = ... = (), = 0, the framework of methods is consistent.

The definition of stability for a multistep method for special ordinary differential equations of
higher-order is similar to the definition of stability for a multistep method for special ordinary differ-
ential equations of the first-order and of the second-order [2, 4, 5]. The definition of stability presented
in |2, 4, 5], which is also extended for special ordinary differential equations of higher-order, is: a mul-
tistep method for special ordinary differential equations of order n is stable if and only if the modulus
of no root of the polynomial associated to the a coefficients, p(x) = arz® + ap_1257 1+ ...+ ap exceed
1 and the multiplicity of the roots of modulus 1 must be at most n, where n is the order of the special
ordinary differential equation.

In the family of methods used, where a; = (—1)""%C),;, the polynomial associated to the «
coefficients is p(z) = Cpp2™ — Cppo12" 1 + o + (=1)"Cpho = (2 — 1)®. All the n roots of this
polynomial equals 1. Therefore, this family of methods is stable.

This framework has the values of the a coefficients fixed, but the same cannot be said about the
values of the 3 coefficients. The only imposition on the 3 coefficients is that their sum must equal 1.
Consequently, their values can be determined in order to increase the consistence order. This is done
using the consistence definition, which leads to a linear system of equations that, when solved, gives
the desired 8 coefficients. That is, the aim is to find 3 coefficients in order to make some C, = 0,
g > n. To do this, since there are n + 1 § coefficients, a system of n + 1 equations can be used to find
the values of the 8 coefficients. Once the first equation is determined by C,, = 0 (which says that the
sum of the 8 coefficients must equal 1), the equations will range from C,, = 0 to Cy, = 0. Therefore:

Cpn=0: >iobi = 1
Cry1 =01 (n+1) 37 oifbi = Xiod"t(=1)" Oy
Con=0: 2nx(2n—D)x..x(n+D)XP "8 = SPgi(—1)""Chy
Since Cy = Cq = ... = (5, = 0, the consistence order of the method is at least n.

As future work, it is intended to study if there is another consistent and stable family of methods
whose a coefficients are given by a different Newton’s Binomial. If so, it is interesting to investigate
if its consistence order can be greater than the one of the family of methods shown here for the
same order of the special ordinary differential equation. Furthermore, it is intended to implement a
generator of methods using the framework described in this paper which produces a method with the
greatest consistence order possible as described in this work.
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